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I t  is shown that using expansions with r e s p e c t  to the ave rage  veloci ty  gradient ,  re ta in ing  
only the f i r s t  two t e r m s  of the expansion,  one can sa t i s fac to r i ly  desc r ibe  the turbulence in 
a pipe in the region of the core  of the s t r e a m .  

Real  l a r g e - s c a l e  turbulence does not fit into the f r a m e w o r k  of a s imple  ma themat i ca l  descr ip t ion 
using uni form [sot ropic  random f ie lds .  Never the less ,  in many  types of flow there  a re  reg ions  with a smal l  
deviation of the flow f rom uni form and i so t ropic  and here  a s implif ied descr ip t ion  is poss ib le  using one or 
another  expansion with r e s p e c t  to the degree  of depar tu re  f rom the i so t ropic  s ta te .  

If  the sca l e s  of the he te rogene i t i es  of the turbulent  pulsation f ields a re  much s m a l l e r  than the sca les  
of the he te rogene i ty  of the ave rage  field, then all  the he terogenei ty  and an i so t ropy  of the pulsat ions in a 
f i r s t  approximat ion  a re  due to the orient ing effect  of the ave rage  f ield.  Then the ave r age  c h a r a c t e r i s t i c s  
of the pulsat ion f ields depend i so t rop ica l ly  on the c h a r a c t e r i s t i c s  of the main  s t r e a m  and one can be l imited 
to the f i r s t  t e r m s  of expansions  with r e s p e c t  to these  va lues .  

A concre te  example  of es tabl ished turbulent  flow in a round pipe fa r  f rom its wails  is analyzed l a t e r .  
S t r ic t ly  speaking,  the assumpt ion  that the sca les  of the ave rage  and pulsat ion fields differ  s t rongly is not 
c o r r e c t  here  (on the whole, it is sat isf ied e x t r e m e l y  r a r e l y  for  r ea l  turbulent  f lows).* The re fo r  e, a non- 
local descr ip t ion  of the dependence of the pulsat ions on the ave rage  field would be m o r e  sui table .  N e v e r -  
the less ,  even a s implif ied local descr ip t ion  of the control l ing effect  of the an iso t ropy  of the ave rage  s t r e a m  
on the pulsatimas p roves  to be sa t i s fac to ry  here ,  as  will be seen .  

The flow in a round pipe has axial  s y m m e t r y ,  and all the c h a r a c t e r i s t i c s o f  t h e  turbulence , genera l ly  
speaking,  can depend on the unit vector  of the di rect ion of the ave rage  s t r e a m  :k = < u >/ t  < u>l [1]. I f  one 
a s s u m e s  that the dependence of the pulsat ions on the ave rage  s t r e a m  is local and they depend on the lower 
de r iva t ives  of the ave rage  veloci ty  in an invar iant  way re la t ive  to a r b i t r a r y  a x i s y m m e t r i c  mot ions  (and r e -  
f lect ions) ,  then t h e s i n g l e - p o i n t  t ensor  c h a r a c t e r i s t i c s  of the pulsation field mus t  be i so t rop ic  tensor  func-  
t ions of the vec tor  ~. and of the ave rage  deformat ion  veloci ty  tensor  <eij> =1/2  < 0ui/0x j +au j / 0x i> .  

For  the values  Rij (x. x ) ~  <ui(x)u4(x)> and Pi=-<p' (x)u i (x)> such i so t ropic  tensor  functions for the 
�9 j 

developed flow far  froro the wall of the pipe have the fo rm 

Ri~ = aou~6ii + 2alu,r o < S e ~  + 2a~Po ~ e i = ~ e = l : >  q- 

+ asu2.~i~.i ~.. 2a~u,r o (<~ei~:>~,~,~ + -<ej~> ~Li) + 

+ a~r2o ( < : e t ~ > < e ~ >  ~,~j + < e j ~ > < e ~ >  ~,~), (1) 

Pi = (boUafii~ q- 2b~u2*ro<ei~ :> q- 2b~u,rao'Cei~><e~>)~,~, (2) 

with the d imens ion less  coefficients  a k and b k depending on the d imens ion less  invar iants  I 0 = ~ = 1, and 
I i - r  0<ec~ > /u  , = 0 :  

* It is well known that  such an a s sumpt ion  is violated,  f i r s t  of all ,  for  pulsat ions in the di rect ion of the 
main  s t r e a m .  I t  is just  for the longitudinal pulsat ions ,  as will be seen, that  the s imples t  descr ip t ion 
p roves  to be the l eas t  accura te  (see Fig .  1). 
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Fig .  1, Dis t r ibut ions  of intensi ty of turbulent  pulsat ions in the core  of 
a s t r e a m  in a pi e ~ h e  points cor respond  to L a u f e r ' s  data [2]: 1) 
( ~ u ~ ) / u , ;  2) q ( u ~ } / u , ;  3) (v~u; 2 ) /u , ;  the curves  c o r r e s p o n d  to Eqs .  
(s ) .  

Fig .  2. Pulsa t ion energy  balance  in the core of a s t r e a m  in a pipe .  
The solid cu rves  cor respond  to Eqs .  �9 while the points and dashed 
l ines  co r respond  to L a u f e r ' s  data [2]. 

12-~ (r o < e ~ l ~ / u , )  ~, 

�9 la ~ rao<e~>.<%:><e: ,~:>/ua . ,  
2 o 

since for  the flow of an i n c o m p r e s s i b l e *  fluid nea r  the axis  of a pipe the cha rac t e r i s t i c  scale  values  a r e  
the dynamic veloci ty  u .  and the pipe rad ius  r 0. 

The d i s ~ p ~ i v e  tensor  D i. = v< (0u~/ax~)(Su~/0x~)> and the s t r e a m  vec tor  of the kinet ic  energy  of the 
t ~  t2 J J' pulsat ions Qi(x, x) -- < u i (x)u d (~)/2 have an analogous genera l  f o r m .  

In  a cyl indr ica l  coordinate  sys t em whose axis  coincides with the pipe axis  the ave rage  deformat ion  
veloci ty  t ensor  has  only two nonzero  components  <e > = < e x r  > = l / 2 < 3 u / O r > ,  while the vector  ,~ has  the r x  
one component  Xx = 1. 

Since only I0=1,  I 2 = I s = I  =-- 1/2 <0u+/3p> 2 among the invar iants  a re  different  f rom zero ,  tn the in-  
dicated coordinate  s y s t e m  it follows f r o m  (1) and (2) that  

R=/u2, = ao + a3 + (a~ + a~) I, 

R ~ / u  2. = a o, R,flu2, = a o + a j ,  

R~,Iu~ = (a~ + a4)<au+/Op>, R,:,p Z_ Rr~" = O, (3) 

P~/ua, = b o q- b j ,  Pflua, = bl<Ou+/Op~>, P~ = O. 

H e r e  the coeff ic ients  a k and b k depend on I ,  while p = - r / r  0. Analogous equat ions can be wr i t ten  for  

Dij and Qi- 

Near  the pipe axis  the value of the ave rage  veloci ty  gradient  ( 2 I ) i / 2  = < 0U+/Op> is sma l l .  Le t  us  a s -  
sume that the functions ak( t  ) and bk(I ) a r e  expanded in s e r i e s  with r e s p e c t  to whole powers  of I and let  us  
keep  only the f i r s t  two t e r m s  in these expans ions .  Then for  the Reynolds shear  s t r e s s  we obtain (akin 
a r e  numer i ca l  coefficients)  

"~- " au § ~ 1 On+ a , 
(a,o + a,o) < 7 o >  T + a,0 T . . .  (4) 

On the other hand, it is  known [2, 3] that  for  reg ions  fa r  f rom the wall it follows f r o m  the equation 
of conserva t ion  of momen tum that 

Rxr/u~ = p. 

*An incompres s ib l e  med ium with a densi ty  di f ferent  f r o m  unity is analyzed l a t e r .  

(5) 
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Hence it is seen that in the f i r s t  approximat ion  the ave rage  veloci ty  profi le  near  the pipe axis  mus t  be 
pa rabo l i c .  

Such a parabol ic  approximat ion  of the ave r age  veloci ty  prof i le  for  the flow in pipes is  well known 
[2, 3]. According to Fig .  7 .49 in [2], the exper imenta l  data of Laufer  a r e  sa t i s fac to r i ly  descr ibed  by the 
equation 

U + - -  <u+;> ~ 7.2 p~ (S) 

up to p ~ 0 . 9  (a different  value of the coeff icient  is given in the book [3]: 7 . 6 ) .  

Let  us  compare  the expansions for other  values with L a u f e r ' s  data,  which a re  p resen ted  in [2]. F r o m  
(3) we get the equations 

a 0 0  �9 . . , 

R , ~ / ~  ~ aoo + a o j  + . . . .  

Rrr/u2, ~ a o o  + (aol + a~ o) ! + . . . .  (7) 

Pr/u 3, ~ (blo + bnI)<Ou+ /aP> + . . . 

which r e p r e s e n t  expansions with r e s p e c t  to O 2, since f rom (4)-(6) we have I ~I(p 2) ~ (10p) 2 + . . .  

The exper imenta l  data for the r o o t - m e a n - s q u a r e  veloci ty pulsat ions a re  sa t i s fac to r i ly  descr ibed by 
the quadrat ic  exp re s s ions  

R=~lu~. ~ 0,65 + 5pL R~lu~-...~ 0.55 + 25pL RrrlU~. ~ 055 4- p~ (8) 

with p ~ 0.4,  0.6,  and 0.8 for Rxx, 1R~p, and R r r ,  r e spec t ive ly ,  as  is seen f rom Fig .  1. The numer ica l  
values  of the coeff icients  of (8) a re  obtained with the substitution of a00 ~ 0.55, a30 ~ 0.1,  a01 ~a31 +as0 
0.04, and a20 m - -  0. 015. I t  should be noted that in the region of p # 0.9 the depar tu re  of the points f r o m  
the curves  descr ibed  by Eqs .  (8) is s m a l l .  This  indicates the re la t ive  smal lness  of the coeff icients  of 
the succeeding t e r m s  of the expansion with r e s p e c t  t o  p 2  

Exper imen ta l  e s t ima te s  of the var ia t ion  in the different  t e r m s  of the equation of pu l sa t ion-energy  
balance in the core  of a turbulent  s t r e a m  in a pipe 

_ _ _  _ Ou + > roD=Ju3 + 1 0 (pP/u3.)= 1 0 (pQ/uS.)_ R=r/u~ <: 

a r e  p resen ted  in [2] in F ig s .  7.42 and 7.44 and in [3] in Fig .  9 .12.  

Using the expansions which have been d iscussed,  it is not hard to ver i fy  that the equations 

roD~JuS. "~ 2.1 + 12p 2, PluS. ~ 0.Tp 3, 

- -  R~/u2.<au+/Op> m 14.492, - -  Q/uS. ~ 0.9p + 0.2p ~ (10) 

sa t i s f ac to r i ly  desc r ibe  the behavior  of the different  t e r m s *  of Eq.  (9) when p ~ 0 .7 .  This is well seen 
f rom Fig .  2, in which L a u f e r ' s  data for  the diss ipat ion when 2r0U/v =5 �9 104 a re  shown by points while the 
curves  of Fig .  7.44 f rom [2] a r e  shown by dashes  where they deviate f rom the solid curves  cor responding  
to the approx imat ions  (10). 

Thus,  the exper imenta l  data for  the core  of a turbulent  s t r e a m  in a pipe can be descr ibed  successfu l ly  
with the help of the f i r s t  two t e r m s  of an expansion with r e s p e c t  to the ave rage  veloci ty  gradient  with a 
higher a c c u r a c y  than could be expected on the bas i s  of genera l  cons idera t ions .  

In conclusion,  we note that nei ther  the v i scos i ty  nor the size of the pipe plays  an impor tan t  ro le  for  
developed turbulent  flow of a v iscous  fluid in the region of 0.1 ~ 1 - - p  > 100/r~,  and the re fo re ,  the functions 
he re  a r e  different  f r o m  (6), (8), and (10). In pa r t i cu la r ,  the ave rage  veloci ty  profi le  has  the logar i thmic  
fo rm [2, 3] 

U + --.<u+:>.-~ --2,51n(i  - -p)  + B r . (11) 

�9 The sl ight  incompat ibi l i ty  of the numer i ca l  coeff icients  in (10), r evea led  when these expres s ions  a re  sub-- 
sti tuted into (9), is covered by the inaccuracy  of the f igures  in [2, 3] and evidently does not exceed the in-  
,a ccura cy of the men s u r e m e n t s .  
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If  one approximates the entire velocity profile when i - -p>  100/r + by the two simplified expressions 
(6) and (11), which pass smoothly into one another, then for B 1 8nd for the position of the matchup point 

~0 =1 -- p0 we obtain the es t imates  

~1~ B 1 ~ 0.6. (12) 

N O T A T I O N  

< u > ,  average velocity vector; ~, unit vector of s t ream direction; eij, deformation velocity tensor; 
Rij ., Reynolds s t ress  tensor;  D ~ ,  pulsation energy dissipation; Qi, Pi,  s t ream vectors  of pulsation energy 
and pressure ;  r 0, pipe radius;  r ,  distance f rom axis; p =r / r0 ,  dimensionless distance from axis; u . ,  dy-  
namic velocity; I k, simultaneous invar[ants of vector k i and tensor <eij>; ak,  bk, invariant functions; 
akn,  blm, numerical  coefficients; u + = u / u , ,  dimensionless velocity; ~ ,  boundary of turbulent core.  

L I T E R A T U R E  C I T E D  

1. J . K .  Batchelor,  The Theory of Homogeneous Turbulence, Cambridge University P re s s  (1959). 
2. I . O .  Khintse,  Turbulence [in Russian],  Fizmatgiz,  Moscow (1963). 
3. A . A .  Townsend, The Structure of Turbulent Shear Flow, Cambridge Universi ty P ress  (1956}. 

752 


